Constructing renormalizable models on non-commutative spaces constitutes a big challenge. Only few examples of renormalizable theories are known, such as the scalar Grosse-Wulkenhaar model. Gauge fields are even more difficult, since new renormalization techniques are required which are compatible with the inherently non-local setting on the one hand, and also allow to properly treat the gauge symmetry on the other hand. In this proceeding (which is based on my talk given at the "Workshop on Noncommutative Field Theory and Gravity" in Corfu/Greece, September 8 -15, 2013), I focus on this last point and present new extensions to existing renormalization schemes (which are known to work for gauge field theories in commutative space) adapted to non-commutative Moyal space.
Introduction
In this proceeding we review the discussion of the BPHZ renormalization of scalar and gauge models in non-commutative 4-dimensional Euclidean space initiated in References [1, 2] .
Quantum field theories on non-commutative spaces, in particular on Moyal space, have been studied for some time (for a review see [3] [4] [5] and references therein), and although problems preventing successful renormalization have been overcome in the scalar cases, such as the Grosse-Wulkenhaar model [6, 7] and the translation invariant 1/p 2 -model by Gurau et al. [8] , gauge theories have so far eluded us [9] : Even though some propositions how to restore renormalizability in those cases have been put forward, there exists no proof for their renormalizability. Indeed, the methods considered so far for the quantization of scalar field theories on non-commutative space (such as Multiscale Analysis) cannot easily be applied to gauge field theories due to the fact that they break the gauge symmetry. This is a strong motivation for trying to generalize the approach of BPHZ (Bogoliubov, Parasiuk, Hepp, Zimmermann) to the non-commutative setting, since it does not require the introduction of a regularization and has been proven to be a powerful tool for field theories with local symmetries on commutative space, see e.g. References [10, 11] .
Before considering the BPHZ approach to the non-commutative setting, it is useful to recall the origin of UV/IR mixing problem [12] : In non-commutative space, the star product leads to the presence of phase factors in various ("non-planar") Feynman graphs of field theories. For large values of the internal momentum k, the rapid oscillations of the phase factor have a regularizing effect upon integration over k leading to a finite result for anỹ p = 0 (where p is the external momentum). However, there are additional contributions of the same form as in commutative space which are independent of such phase factors and hence UV-divergent. In addition, the non-planar integrals are singular for small values of the external momentum (i.e. IR-divergent) [12, 13] . These new types of singularities destroy renormalizability unless additional terms are included in the action as has been done successfully in the scalar case in Refs. [6] [7] [8] .
In the following section, we illustrate the main ideas behind the generalization of the BPHZ procedure to the non-commutative setting using a scalar φ 4 . We briefly discuss the results of [1, 2] and describe how to apply the new method to a candidate for a renormalizable gauge field model on non-commutative space out forward in [14, 15] .
BPHZ applied to non-commutative φ 4 -theory
The model under consideration is defined at the classical level by the action (see e.g. Ref. [3] )
where the Moyal star product is defined as (f g) (x) := e i 2
x=y with θ µν = −θ νµ constant. Introducing the Fourier componentsφ(k) of φ we find that the propagator in momentum space is given by∆(k) = (k 2 + m 2 ) −1 , and that the interaction term can be expressed in terms of the variablesk µ ≡ θ µν k ν by
Hence, in comparison to the commutative φ 4 -theory, the interaction vertex of the noncommutative φ 4 -theory is characterized by a modified coupling in momentum space (λ becomesλ).
The quantization of this model and the renormalization of related scalar field models has been discussed over the last fifteen years, see for instance reference [1] for a brief review and list of references. In the latter work it was pointed out that the usual BPHZ momentum space subtraction scheme (which consists of subtracting appropriate polynomials in the external momentum from the integrand of divergent integrals) cannot be applied in noncommutative theories, e.g. for a (non-planar) integral of the form
The problem is due to the phase factor cos(kp) which is at the origin of the UV/IR mixing problem, i.e. the appearance of an IR-singularity for small values of the external momentum p. Therefore, a modified subtraction scheme was proposed in Ref. [1] : It consists of considering p andp as independent variables (though satisfying pp = 0) when performing the subtraction: In particular, one subtracts from the integrand its Taylor series expansion with respect to the external momentum p around p = 0 up to the order of divergence of the graph, while maintaining the phase factors. Thus, for these non-planar graphs, our modified BPHZ subtraction amounts to an IR-subtraction rather than a UV-subtraction. Thus, for the integral (3) one considers
For the subtracted non-planar one-loop 2-point function of the model (1), we hence get a vanishing result (as one also does for the planar, UV-divergent diagram by virtue of the standard BPHZ subtraction scheme). For the subtracted non-planar one-loop 4-point function (4), one obtains a result which is regular inp, as shown in [1] . By proceeding in this way, the one-loop renormalization of the theory could be carried out for the (naïve) φ 4 -theory described by the action (1), as well as for this action supplemented by a 1/p 2 -term which is known to overcome the UV/IR mixing problem while maintaining the translation invariance of the model [8] . In Ref. [2] this modified BPHZ subtraction scheme was then successfully applied to the scalar sunrise graph as an example for a two-loop graph with overlapping divergences (applying also the forest formula of Zimmermann [16] in the non-commutative setting).
Concerning the additional 1/p 2 -term in the model [8] , consider the following: In UVdivergent planar diagrams, the cut-off regularization exhibits the degree (power of Λ) of the UV-divergence which determines also the degree of the polynomial in p which in turn is considered for the standard BPHZ subtraction. The ambiguity involved in the standard BPHZ subtraction (corresponding to a finite renormalization) is a polynomial in p whose order is the superficial degree of UV-divergence of the diagram under consideration.
A non-planar diagram and the regularized version of the corresponding planar diagram have the same form up to the replacement Λ 2 4/p 2 . Hence, one expects that the ambiguity involved in the modified BPHZ subtraction amounts to a polynomial in 1/p 2 whose degree is determined by the degree of the IR-singularity of the non-planar graph.
In particular, for the expansion around p = 0 for the modified BPHZ subtraction, the ambiguity is a polynomial in p (with coefficients depending on the parameterp 2 which is considered as an independent variable), the degree of this polynomial coinciding with the degree of the IR-singularity of the non-planar graph. All coefficients of this polynomial must, of course, have the correct dimension. For the non-planar tadpole graph, which has a quadratic IR-singularity, we thus get a term A φ 2 (with A having the dimension of a mass squared) and a term (∂ µ φ)(∂ µ φ) -but now there is a further possibility involvingp 2 . Since θ µν (parameterizing non-commutative space) has the dimension of length squared ([x µ ,x ν ] = iθ µν 1), an extra term appears as ambiguity for the subtraction:φ (p 2 ) −1φ (or in configuration space φ −1 φ with ≡ ∂ µ ∂ µ = θ µµ θ µν ∂ µ ∂ ν ). Such a non-local term is admissible in a translation invariant scalar field theory on non-commutative space and must be included if it is not present in the initial Lagrangian, hence explaining the additional term in the action of [8] . In fact [1] , it is the only non-local counterterm which can appear in a translation invariant non-commutative scalar field model. Hence, after including this term into the Lagrangian, the propagator for the φ 4 -theory reads
and has a "damping" behaviour for vanishing momentum [8] , lim k→0 G(k) = 0, which allows to overcome potential IR-divergences in higher loop graphs, i.e. it is in fact crucial that this term is included in the action in order to achieve renormalizability (if translation invariance is to be maintained). In fact, the IR-divergence of the non-planar tadpole graph becomes potentially problematic when this graph is inserted into a higher loop diagram, since the external momentum of the insertion then becomes the internal momentum k over which one integrates: The divergence for k → 0 then represents a potential problem for the renormalizability. However, the damping behaviour allows to overcome this problem [8, 13] and indeed it has been proven to provide a renormalizable model [8] .
3 Non-commutative gauge field theories
One of the motivations for generalizing the BPHZ approach to the non-commutative setting is to develop a tool for the renormalization of non-commutative gauge theories since the usual approaches such as Multiscale Analysis break gauge invariance, e.g. see reference [4] for a review. In the following, we briefly describe how the modified BPHZ method applies to gauge theories, for simplicity U (1). The "naïve" gauge field action on non-commutative Euclidean space is given by
and again exhibits UV/IR mixing. Hence it is non-renormalizable (see e.g. [5] and references therein) unless the action is modified. Inspired by the results achieved for the scalar models, various approaches have been proposed in recent years [13] [14] [15] [17] [18] [19] [20] -see also the discussion [21] and references therein. However, so far none of these models could be proven to be renormalizable, in part due to the lack of a renormalization scheme which is compatible with both non-commutativity and gauge symmetry [9] . Let us take a closer look at the one-loop vacuum polarization with Feynman gauge fixing. Three Feynman graphs contribute [21] and their sum features a phase independent (UV divergent) part as well as a phase dependent (convergent) part. The former is superficially quadratically UV-divergent by power counting, however it is well known that gauge symmetry (i.e. the Ward identity p µ Π µν = 0) reduces this degree of divergence to a logarithmic one. On the other hand, the phase dependent contribution is UV-finite due to the regularizing effect of the cosine, but it develops a quadratic IR-singularity forp → 0, i.e.:
This IR-divergence remains a quadratic one since it is compatible with the Ward identity p µ Π µν = 0 following from the gauge symmetry due to the fact that pp = 0. Furthermore, the one-loop correction to the 3A-vertex yields a linearly infrared divergent term which is connected to the present quadratic IR-divergence via Slavnov-Taylor identities [21] In general, massless theories require additional regularization in the infrared regime. However, such a regularization is potentially problematic for gauge models since a regulator mass generically violates gauge invariance 1 -see references [2, 23, 24] . In the commutative case, this issue is usually addressed by using dimensional regularization. However, this method is not appropriate in the non-commutative setting, in particular due to the UV/IR mixing. Furthermore, the IR-divergences of the type (7) arise from the UV-divergences via UV/IR mixing and are at the origin of the non-renormalizability of the (naïve) gauge field model (6) . Therefore, we will consider a gauge field model with additional terms in the action [14] which provide a damping in the infrared regime for the gauge field propagator similar to the one for the scalar 1/p 2 model of Gurau et al. [8] . Thus, the one-loop vacuum polarization in a Feynman-like gauge fixing becomes Π (a)
Applying the (modified) BPHZ scheme described in the previous section, we find that [2] Π (a)finite µν
where the operator t 2 p denotes a second order Taylor expansion with respect to p around p = 0 (but keepingp = 0 and independent), and we introduced the abbreviation N := k 2 + . However, the main point is that expression (9) represents a UV-and IR-finite result.
Conclusion
We have reviewed the modified BPHZ scheme put forward in References [1, 2] , where it was argued that this method works for higher loop graphs involving overlapping divergences and that its application is unambiguous in the non-commutative setting. In the scalar case this scheme implies the introduction of a non-local 1/p 2 -term into the action -which is precisely the one allowed (and induced) by the star product, and the resulting action has previously been shown to define a renormalizable theory by application of Multiscale Analysis [8] .
Furthermore, we have pointed out that the application of the modified BPHZ scheme to non-commutative gauge field theories looks promising, although further investigations are required.
